( C.l-r_u,.i‘; ter 3)

... SAokeites , Detevwwmivank s
“M\ﬂ-:-&-t‘—f-ﬂl;mﬂhl.ﬁ-ﬂﬂi

A pratrix _is o rectonguwlar ar ray  of an
AMmbm_mm tten _m:}abm_ brockets . EFoch.

o2 o3 «— Row 4

e 4 i Q2 \ Q 2
\ 93y 932 -~ Row 3
2 o L«
Columnl  Glumpz Column 3




{ The sum —of fwo makrices ol — thee
— same size, A and B clenoted by,
AadeB iS5  Als  makrix il elements
. Khet oare e oums of Al Corres-




&3

~d- TR negative of makrix H_:s_chna*—eef—
by M and W is  _tle moakrix :
With —elements  tualt are nNegokive —
0f tha elements of M, _Lerefore:

My (M) = o |

. where O s o mabrix  which.
Q-ll—kh&_&ltm&—ﬂ#S—M—&D(wcbl—m :

= erﬁfe_art_mm rices with Lhe

o
1 Exoraple: ff A= = 1)
v 67
Than 3A =6 3\
\12 o

[@]
|&
L\



4
ant )
dz; |
Th,
hen - in v
dni/
= dy+ N Y R




o Yeckor and D is  another yecltor
5 J ZE 0 — Rﬁ—IJ‘LC_pLM&Letl—b-jim
—deiL—p#aduel-—(dealar

= [L 1 A e Sa)
( ‘J/PM ( "V g
= M o (3
B P
Whare rlj . i:_'l—_aﬁﬁrbxj




- 0—5—Y—F—>5 =
S B
3_._.._2 } \—Z e | =
‘331 2%2
-nxl-rsl-l OkS +Sxny
- Xl + 2x=2 'AS +2.xy
3x|-2x-2 :Ixi-f-l'ﬂl) -
¥ 4
—-lo 20 |
= =3 13 |
| =~ - / |
| D S od




&z

Where ) is o number
ond —A,B and C  are Makrices .
% Types of Matrices ¢ IR —

&



9. Upper triangle makrix |

I} is a matrix whose all of
— _j4s elements  Jocalad below  Ahs diagonal

—G.LQ—@.CI-MJ—I—Q—IQ,E-Q S

‘M‘-H_-_: P | |
et
== — ﬂ.__a.._Ea.n.s.pLoa,t_pﬂ_aatr_l_x
j'ﬁ&_:bnanqsposg_ma,tpi_x_oﬁ_.ﬁm‘n [ s
——a—mahﬁu—mlkh—ai—%{—nxm_md_ e Hneel
%WWMW of
—klw—enyad—mmtx—bﬁ—@—éaﬁumng,_.— e
— _Exomple B -~—3—o0—2
_TE¢ A4 = \
B ; | | oy £ ‘)
, F 5, | Zxy
Thass ,4-7. =[ 3 i
o—'1
£
axa
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Me unit  wmekeix: [ )

w del . 0 ¢ s ! ! \
- Qe A) o AV —

L, A Second _ order  clekerminank g
L wawliMshewn O -

(Class >
LIass



— oA —
Oy O O3
— 0 Da = Joay 0z 023 e

We—to—_faa&opﬂ_c—mu_e,lemrrﬂ_&_lgf —

Al dekerminonk \s  delined oA .







. or
n o
{Jidj = 2 iy f:ij—ulhh:eJ IS
(= | constant ( Chasers (olumn)

E xample ;

cletermipnant

Mz = - =H
| 32
3 l
Mic - —=—8—
S 3}'
K 3
Miz—- : a—=|3
L )




_ 9Me  cCo-factors Coy , Cza , C,3
FAE
C—Z-,—:—(—‘J—)—‘—Mz- . 11
J i LIl |
3 Z+Z
‘QZ‘Z_':_(‘_Q—'_MW _5

b

—~

23—=—13 Home Work

| (Class>
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?TuPzr'&’:.itb ot Dekerminank s

| . fl-l:g Vol e of deteyrminank (s —Q-,C‘U.N{—
e A Pevro i@ = - —

L o— AV ke  elewments of ome of tay
rows or  co\lumns a&a._eqm_JL_ma_

b- A%e Correspondin 9 elements -c.FJmaﬂ_
_ _two rows er Columns are _eq.u_a&. .

—C—AWe. ccrtab.pc.ndins._elm.e.n-k:.s._nf»_nmj__ .
Fuwo rows Qe Column & Owae
- ProporkHonal . : —

B . i - ony fwo rews ar columnsg of
- determinant are interchangedl, £l
— Klen Value of Hhe new olberminani
s Al pegative OF thae orig ined one.
3. If each element of one of e
—rows —or GQlumns 5 muwkliplied by
— Constant (k) , _btlan _Hlee Valkusa of
L Alee new olebterminoant is e?w,ta.._ = |
o € “-M-!-ﬁ—'ﬂ&L—LLa-&LC—C’—ML—Er—fﬂ—LﬂQJ—

a-ﬂ_ e LD P— — —

ks columns S R
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. ef matrix A _Ls_g.qua/_-ko_,tk&_ﬂalax__
—0f Aler cdleterminarnt of L franspose
— el S

— —!ﬁr—lﬁ:—{—ﬂ !
5 IFf mulkple —of —any row or Columns
— of o determinant js added 4o any—

_ Other row or Columns , then Al

— Volue Of e oleterminant (s unchanged .

o T N S
a1l o, o &L = e —-7— -
S N 2 S Pr_‘aper_ka,ﬁ
L S —— S — S
- e——9
— _D_=__ .__3 3 2 | = & =
3
— 5 3 - 5 Z 2
— =1 2 94 =0 D=}l I¢4 Y} =
o 4 8] z 3 |




. —— %z Su %=t
= } = | property M-
- Qe—a - Q42 022




/oo

o -
—1—-0;-“- - Oy b N2
D- .
= : \ Q21 o272 o Oaa-}—+

. Bxample 1

_  Use Lo ..oLLkEIlmlaMJ'_P_mPe_r:lzi.e;.. li; 7 S
 Mad e vadue 0 £ gha  oldberminand:

3 v | - -
JAl=} 25 =2 o S
- Y —a-
=———— g —v—1 ——————
- ’;I :'.—-—C—l—... & 3 #-—M{_FLo_g_; i[
= — " ) |
———al. e . p— F o_z__Ts_T____—
— --—4& = Ry 2 R . —JAl =} o6 5 2
s | I 3

L A _Nuw use Ao  [first Columr  Tar
— find e Value OF (Bl :

+3 I

- {AI_—_(.J)_ > (2x2 — (-5)x5)

o - 29
1

__ __._Ina.aerqugc_ﬁ_aq matrrx 2

o :_ TR inverse of a Number A4 (s  Ahae
e —n&mm#.ﬁ._a@%%weﬁﬁ—fb




/o)

e —We dA&ne_m_inuersa_aF_a_matﬂu ,:,,g
Al motrix ATl s Khet A A" =
— Note thal only square matr: c{é—M#—A&UL
mvar_sc.,a_ otherwise —we Coudd —not mulkply
A.a4! and AT A . Som g—.s?'Ma:emaboﬁ@s—
da not hawve inverses .

To Lind A - ol ._anU .5.?1.14;.-:_-. moktcix.

A, we FoVlow Lu. sSteps below:

e Find 1Al for Al mokrix A
if 1Al = 2ero Sl  Aka  mobrix
1l & voa e inwerse

z,_&ne.L . J PP —-C.n-_@n.c)ccrs-_.c —o f_;u....‘_.
ok rix A= fCy ... =

3. Find 4he transpose of  Ahe Mokriyx
a— CT = o) [ —
Y. 9Re inverse of makrix A (s them
. Qluen \ma
= O
I Al )
B Example :

— 4 Findk  tha fnverse  of Al
— —mmi—xiﬁ—giuen—bg—;

! = / 6 q .‘ — = | — =
. {3 s5)




lo2

1A

Coelculoke

A= 645 — Q%3 =3 F o

C

Calcudata

2

Y ol

¢/

=
\

1A ]

N %a_wm_:—wepﬁw

A ol W s T

~ Where I, s anit matrix of arder 2 .




fa_-,-

;_.._Lé_i.s_e/mg_m.;

B Al - el b?

) ..4!1&: _(:a Factors a_é"_.:t.m_mm.s_aﬂ

_C.gi = ~bc Cz-z = Cl.?'-tlwi:nz _Cg_.g. e
. N ¢ - Qa_z.__—._g—c_g_g = @
———————— — 9 _b A\

E T /gl b o\
__C,;_- 1 —e.,l-t-b?‘ g——, \
- -b —ac o ,}

| —-&Tuabi-mé—;

- Tn Hua Context e will  Mscwar.
~ dhree WmMethods de sSolue a2 Seb
___ojtﬁgnm—éc'%eebmn& :




ICJL/

A Using Lt inverse _matr:: - N

 We dake a SYystem of 3 _linear

—equakions with  voriakles %,y
and 7 . -

! —Qn—x R wa —Q‘t —3_ A _Q.k%&,_,-_ l‘__‘ S— —

02y —M—-@—Q&E-—ﬁ—q—ﬂla—ﬁ.—-:—-u-z- —

Oz Qg2 4 Q233 2 = \La N T

— Using — Athe mgutrxx_%ar_mula.hmﬂ_ we.

Con  Lacite  Klae C.GLGC—uL.LEﬂJ:.S_Qq—O\.é—
o —wokeix A ond  AKlhe uakaowns ¢,

Y ond 2 os = -muhﬂ--x—r;md_mi
obso\uXe Cceoeflicienks k. as a  wmokelx

(A) - (r) = (k)

S | OSSR - 3%l 3%
-1 Tf wc_muhf.p.Lg._Mm_gruwb-ian
M J S S
i | r = A .
— Example: solve the _Ainear set op
= : mekri X—methocl
b = NG -2 =5
= -—.—M--«r—g— —— ! = -

£~ T _j_+2§ = LD



log

B I 7Y

] () B

| Tl

| 4/
S S N S R Yy=3 and Z==Y
I
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2. Cramer’s Rule : 1 _

e .Cmidw—--m_dm_af‘ﬁ.&nm_e?ua.’tia.na

. 1) - " E——— _m_z_s_.‘._a.[_s_%___u_‘i— S | —
- Ozt + Q2zzY <« 0232 = WKz
03y x 4+ 03z4Y + Q332 = W3

L The  Crowmer’s rwle stalis Lhok _Eloa

l-.‘.'i - a--ﬁ-utn—bg—--:-—kl—m—:.—au- ——=n
{ K 2 Oz2 _q“'
x - k3 azz l.u’

T 1Al

1—“1—‘1-.-3 —
- B M gy azyl
_ Qg Y3 Q33

Y =
- - = [ A\ B
R |
- 4 AN AN
Al - B El_ a2 ki
I =2 ( a2z s
. Al

— _Example - Use  (Crameris tule o Solue

, _-_Htu_.scpaﬁ—e?aa.b rons

— .‘QQ:_+—3;kj—=._3
gﬁ_'ﬂ'zj = 5




loz

______'/_5_3! ) -
o o - ] -z.’ _  =—6-15 = =
o _ = -1 | —
[2 3
j-: .il 2 = 10:=8 = -] .
- . gk = il

Note : C‘mmerﬂs_zufgmaﬂLC—wd—ba_Sa)u{_ S

n t:qua.hans in N unknowns

1Al # o
ol _Nobte : I F_»:;__;}mtm',n—ﬁ_is_jat_s?u |
o —or tf Al =o ,_,MM_,QLL,S_DOJ‘—
extst and A (5 called singular
mokri X .«

3. Row redudion method
([ Gomssian elimination)

= mcmad—in _.solbuﬂ_g_a_.iet_aﬁ_,éuzm
ions We il Solve ght Fallowing

. _ﬂ.e,.g'i ,__::_P—e?—qa.é:m s

( Im.h




Ll mme e %o
6+ By +32

L4

-?-H— : =

-~ Fies¥, we arrange Zha Variables —ancl
__Const+aonts ohn  aboue  ond  _flhuean wn'le

L glae  mekcix  Co rr.es.pc.ndtfnj__M—-

Coeflictents —and Constants o0s  lbelow:

. _.o
4 Jo o o) L. B 20

—————— 2 = B R ¥ 4%_:_93_— R;




~ From Ao sSecond Trow

 Now we sStart Ahu back Subslilution
~proce datre

— From  #ba  +hird row

e —

J"C)?

———— =gy —Mo] =
_____ _ _From e First row

| Note : The allowesl- —eperakions on Ala

e  _  mokeix

t. Interchange —4wo rows
2. Mu..t.j-—fplj (or clivide) Qo hy
o _nonzero CondStany
3. Add a muliiple of one row
1o Onothey , +hi's  nclucle =

S uhi-r‘c}u;.l—iﬂf?-. —

— 1 _Example_;UJA@—rﬂw_téMcpbg_mﬁaP
= . —aiﬂixzﬁgw_éauwinﬂ_‘seé_a(‘—

{_‘fiﬁj_'



o 1 - | 6_ 0 ' _I_

2——2 Y4 o ——3 Ro= Ra —2R,
a1l e do = to Ry = Ry-3 R,
32 o—2—H4) —

’ 1 G | i 5 \ N
> —0——2—\4——2—5— 4|2—3_=—Q—3—-|=—5—Q—¢-_
—}+ o 0O 1o Ry = Ry + Ra
— O —2& ——0 0 i.,/



1y

—_—me—m—a;‘-—hz'r‘cf rowd ;

— sk = 1 -
- — From st seconol rowa : I—
e 2Y 442 42w =5 > Y=L

From Xhee [Llrsk rowd:
e |l = 3

. The Solubiory ¢S5




_- ___I{_A__ _.t:s_an_m.tn_ma.&uﬁ_ﬁhm L

— ._Eor__mn.-a,,_ma.tr:‘,z A,

_ _The rank of o  Matrix

12

Linearly incependents

L rows in _a  matryx A is  called Adwa

row ranlc _.clf-i.,é__,—nnd—,ﬁtu._ma&mum—

numloer of linearly indepenclent —Ccolumns in
A is  called the Ciumn rankk of A .

. Column rank of A <. n

_Fow Fronk of A S m

— TMMe row roank of _Q__-:_rj;&_t:‘a}_.umn_ ronk
of A

. Becomse of Alua Loct, F*here is  ne.
- reason 4o cdisk ms.u&sh_. between preco.

_rank and Column ranik ; Ztlhe —Common
L Yalue _l._ﬁ—&ﬁ:ﬂ?_PjH Celled e — roank U

the makrix

| _m re Lore ,_;_L,A_Ls_mr]_m_atr—ll—f&lﬂ—

Class>
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— For example ., XLhe rank of 3X5
o motrix  carn be nNo more  Lhcan
| 83, ond Xl yvanlk of 0o 4 X2
 moakrix _Can ke no Mmore _tihows 2 -

I A row or o  column 1S Consideresl
~ to be independent [f i+ sabisfies
| hen Fa!!au.ling. CendiHons

oA row/column shoule hove of leasy

. _pone nNon-zero element .

2. A row/column should not be icdenkicad
40 apother vow/) Coluwwn .

3. A row/ column should not be mulliple

___o0f another rowlcluwn.

. A row/ column should not be a lLinear -
. _(ombination of another row/lolumn.

. For example, Hthaw ranl of  _Htee
below  makrizx  wouded be 1 Oas Ahe
| sSecond row is mulliple of e [irsp
ond  the +third  row does not have o

. nNon- 2Z2ero — elem enit

| 7 3—\—
— {,4} = 2 &

= X A & N ’

Class



[ty

H* Ranlk —of  QAxa  _Mokrix

e |
The ranlk of o @xa  mokrix A= / \

\C :'-1_}

—i.\5. -9 lven bﬂ .

. vanw (A) = 2  If

Al = od — be

% How +o compule ranl (AY  For
L ——on - Mmxn mokrix A 2

1l The process Lﬁﬁ_LLJth.lq, e vonlk of
o mokrix. 15 cletermined con  be (llustralic
———W_Mmmwwie :

Suppose A Is e  uxy makrix:
| [ -2 o 4
(3 { | o ‘
e G g
| \s & 2 42/
\ /
The — four — row Vvectors of _thuia
—_Tmmm_m .
Class>




— These _ved-or:j are
L since  fFor example

not  incdepen clent

J&—.———Q Q—,-—..-_Q -

. anul_Qq_ -3t Z.—F‘-'. 2

| TRe fock that the vectors Ry and

Ry Can be written os _Ainear (ombinatons

—Oof Xlr other Fwo (R and Ra  which

are —independunt ) means M&_niax;mu”h
L numbey of indepenclent rows Is 2. Thua.,
| Zdae Fanle of  Lhisa matrizz s 2 .

411:4-._ ec:l wakions A and 2  can

_rewritten  aa.  fLollows :

— 2R+ Ry o+ R

__.3 R I..___Z,A,R.z__..[. RL{ =

N —E.ﬂ\uo-lc. o (%)

tinh

wnapelies  Adat

Ath.L_ng_&m:Lcaw_lﬁ_addMo_,uJ__

Yhird ond  Aheaur Hhie Seconc row’) i

qhmd_mw_%bmme_a_,_(—a—m}w—a%

—_2eros) N




ffs

J_— __EtT_uaé.rla.n_(_q_)_IagJ_w_J.L'mixﬂu: S|
—operokions performed on the [fourth

———FPow Can  pProduce A  row of Zeros
— _there olso. B
T f after Ahese operotions —are (ompleled,
3 Aymes  Thae First o prow 1S Ahas  oclcled
. Jee thae Second row (_J-_a_glcar_au,t_au_
| -—e.n.ﬁ.tf_dj.__.beia.mx-_en.hg_&{rz i I
e first  Column) - AUwnre elemenfary
- row opperofions reduce The —mabrisc
A fo a  Fornr Called :echelon Forn .

== — e —2 o - = =
— o 7 —i-2 \
: —o &—o o I
3= 1 o o O a /

 _The fact that there are exa c.:":!iy .
-~ ponzero —rows jn e echelon makrisx
—ftndicalis Lhal Ao mMaoximurny  NDuunmober
—oF Ainearly indepenclent —rows —is 2.

hence fthe ronk(A) =2 .

 TIn generad . F+o Compule Abe rank ——
—— 1 Of o mabrix . per Form elementary trow
—operations —auniil Hhe —Motrise —is— Mefd
| jn echelon Form = Ahoe nNnumber oOFf oy

Zero _ra.ms_.temm:lﬂj—pﬂﬁtu—Fe—Meeﬂe/i

— mMeatrix is Lha —ronic—




f/;z

Exa mple _Exlac.l_ﬂu._r:a.n_k.__n;_;&ﬁ

I mert risc

_______. . N - —
| ’fz ‘
1 ——F - O | = =
| .

- \— - | *-4_1 o

. Becomse Ahr mokrize 1S 4 X3 , ks
~ ranlk Can be no greakter Xhan 3 .

[ Perform e fo f}ﬁ.w;'nj_r_aw_opgmibné:_ |

o _._Ql_ﬁ_ﬁez _.(_ 2 i \
d o 2 -._j_} .
- \ | I Y
— o
| Ra = R3 2P, / o -
- G— vi. g
- Rz = R3+2R [ o —+ 1
————1241—=—Q++_29__ t—— o o } /l
o o 1
i o+
—f=-k2 0 L=
Ry =Ry -1R3 \ o o |
o O o Q




—— | 1 ] —t [ A
Ly L L] =y

- _.ﬂ#am—%—ﬁolfgwiﬂg—ﬂmAﬁﬂ ta FY— o
— | —eperabions—

—, --*—412—9-—':—5?—’?;.—-!'——&'1
= Ry = R3 R —
— Ry = Ry 4+ Ry

— e}
e —e gek s /c = o o
L o -u &
e

-~ since only 4 nonzero row.  Cemodns.
L slhe pank =4

- - *——Q-"?-d—}(%wr_—mn%oﬁﬁﬂau—mair_ic:.& :

f— 6 —Z

—{ o

- & [ -1
q9 5 2 2

112 9y
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% Rank ond _Ainear systems.:.

= _: A Linear systen m oy ‘behave in any

-~ One —of three posible —warys
S _J#e_ﬂsty.séur:_ba.s_ﬂm Ein Lﬁielj_ma.n?z_—.
L Solubions . [
2. The S Ys J-ew—haj—ﬁ—-:ﬂﬂgie—ungfm— —
L Jafu..é‘:on . —

3. The sSystem has no solubior .

| _/&'near- Sys bem |5 saidd  _Ta- e
__consSistent (f it has a solubior,

L ond  inconsis tent otherwise .

Tt 5 possible Az derive a contraciction
— From Skl E.C\un_htnns. — .1 A #ﬂaua— al.al-uo-..a.;rq...i
e  tor\ihen such an. Alse  sdetiment

SURTR SN, . Y — o

~ For example, ﬂm-—e_ﬂ.“atiﬂﬂ-& :

o Bt 4 E"H
. ,_m__ A Dy =12

IS PR ‘F-w—s’c—eq-u\%d—ﬂ—;ﬁm Mt—SLf_b-\qek—e-H—
— —aunek—mm?h@nq‘_—bwa—sdﬁ—e—c—ﬂu

~ vesulk by

.

Class




— Theorem = =

IF  Ax =b is o Anear system
L of N unknowns , ._ca.nol—A = (Al b)1s—
_;u.,u,_a.usmen ted motrix —-Hu.“

1 The Ainear chﬁxm_ia_éansisteni_'hc—

aﬂel_onhj;t.? : o

—KMK—MET}——MM—MJ

—QJ~F_:U¢L_ Mﬂﬂ-ﬁ’—&gakm_us_ccmsmtaﬂ_{f_ —

then 1t has _a_unwruc—ﬁﬁluhﬂn_u“i

= 4 anl \C .
andc ‘L& -

ran(A) =N

L 3. If  vank (A) & m,  Kluw Kl Syshem

hoA N — ronk(A) free vVoriakles .

_ Exommnm ele—5— —I.s—m_EmLMnnk_ﬁanF

Sy s ey Consi\skenk ".'-"

[ iﬁm—t‘:—hwe—ﬁ—‘m*%we—' | ﬁ

Sao\lukion P

2—11_+_2l£+x 3

4 2X3

NN
| -

EXao — 323

i

a!'" \
| E‘q\
3
.‘r ;



|
S | e = 2 a4 / zl_‘?.__._;_]_]_
- | A = H—o—-z_.) 'A;!s =—(4~1—0—2 2
- ! — \. o6 =i o 6 -~ u}

- Fank (A)Y = 3
. Yonl ( Pn_' )_-.-.__3_

> Me  syskem s consiskenk

S Ne—eYonkK(pA)y = D= = o
=l - oSy ohfas sﬂsh-cm_hm_a _ur:uc‘u{i
— So "c _l: Lo 2

! J.an-r*—%._... :

2 . 9C, 4 2.9 3 e BXy = o
—t o a3 o
| e — S 1-3—“'—3—2‘—‘4———9——

. s/nce £ _has the Frivial solutiow

] N2 e

4,_(! -1z 3

o I I o

- | o 3 3|
/;

[
Il_:?\

|'I- 4}



J'za

. We can find nat  rank(A) =2 (H.w)

M Ohe sysiem haa  N—ronk(A) free

—.—LLQ-J'—I'—aerLé—:—f-f.,._z )
e oo verity st
I | xr;_ )
— = X = — A3
- B G > 9 lues

— -;——-—Z]—:——-—:B—%g————&% “
—— 4 XK= — A3

:x.g—=—ﬁr—¢Ha-E'ulbl

—d oy = Free variable £ ar:y_w:m_)

— For example & _put - A

3 =1
g =]
o e -I-hm_%_z - _._!
e = :Ac..l_.-:_—_é,—
_____ —%M_Mwﬂ_l&u%ﬁa%;
! Q#yind—ﬁﬁ—oﬁ—ﬁ%&iwj :
- ) |
B e — |
- |
_ | |




s _ae_Ej_ﬁg.H_uM¢:_and_E£3m¢ctaL5 -

. WE%Q—LS—OLH—%M_Q ol
o ..561;_._&\-..@_ wmokrix A ko Y | o

Ax = Dot S
For some x Lo . ‘Ihe veckor =
is called —oan eigenveckor —of A assocalid

| w;-l*h Ao 2igen  yalue A . ) |

— Note zhat e (5 an gigenvector.
Al mg_mmapfe_ a2 1S also on
-~ eigenvector . . .

L Fov on nxn —mw;x_ﬂ_,_-.ﬁaJu:n%

Ax = ac Fov o Veckoyr X #o s
j_mmr SYS lerm ||

B (A AT)X = o

 Thin  _has o nonzero solukion (f

and — on! an_iql—

\
lML\_ﬁ -
e T s L - Y e Cun
1 Jﬂ_( Q_1_=_ _Q_?;I__ﬂuu-ﬂ- - %yl 1 N | | .

i L L e
—— A " ——q—é—

= _Q.“.]_ — O 1_-_._._._0.7“ )|




{
L5
. We Can expond Aluia.  determinank ko gaok
. . po\-jngth_ﬂ , | 4 _

. (ay u_xm_aummtungxﬁ@a\%mmm_
—_—D_E:—C'q, __eanch s

A | (o (X)) = o

. is CoMed R ck\n;ulhem&%t%n.k—kﬂmi

1 oS _Aa.

H- JR—K—%\—L:._Q_?ckutxmmM_a I c\»tc&re& S 4 -

g z__\m mmﬂ_&_hu_at_m_ane_ﬁlqcngm

= -3.—&_"!\%_0&.__ka . diskinck .m.agn-ume_a_.i

Ahe___.mLhJ\:h Ghy—of D _os o ook o 00
Aﬁk—hqﬂg_xa_CAL\td__m_ﬂ% eloric mu\&-ta?léﬂ—\'l

SERN S| .. - e numboer o L chke__Qe.n:}Jn:\_u%e_nm
. ossSpochoked  widh Q. s _Cn;\kad_gecme.‘: A

B R e B S S

_Exameples
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. QRe makrix ( : ) “haa i eigenvaluc
(#]
—Q—s—l—w J'Jn_an eloric —mu fhpn_g_{.j_ﬂ_an,a{_

~Geometric multiplicd iy Y E B

; E mmP_Le—; ﬂﬁnd—x&a—@i&mum&—d{'—

Ll  motriz :

I ! z\‘
= 4 3

L]
= 0 . S = = O




FE &

_E.xamhp le : Fincd — tlhe eigenvalues of
. Alie moakriz * :

F = — - J 2 _3 _ﬂ_ 5 B T— —

2 =2 w c

o = | 1 -

A = o B <. 1 __3__,L.E__,_ g

0O ) ~ wl 5
bl 1

o . L6 © 0 o6 S|

=2 z 3 5—i1
. k. 2.l 9 N 5
— o o 1 3-A e S = o
= () ) o .G IO g
-—4 0O o o o s-4 1

o (z “AV 2-A)(3 - A-AI(E5-Q) =6 o

| -.-%—ﬂer—waw-Hng—s—iv—z—,—%i

9 and 85 fer mabriec A4

! — Fact ?_;: 61—3:—)9—%@4’-4.4&5—0;— &
- _triangular motrix —are its

2\

[

—
=
w
o

|
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- Example - Fin d—ﬁq—ﬂﬁ—l‘—ﬁor—;&a

QAX2 matrizx

=

oo — D b1\

Lh-c_C.an&hantﬁ'&p%—lé—}A—l——whﬂ—D—
___%_&mmﬁﬁrm_m_ﬁﬂ (o)

- _.4_A+¢rz{___./mu .

; ——- —Lhﬂ—-cocﬁc—l—c-t-mf—OF—Q—Lé—XM—neg—a;-ﬁ—ue—
ol the Swum ofF Alhe diagonal entries

Del inilion :  Trace

—on——NXN——maotrix— A is Callec A frocee——
49{—:4—91444&('491—%—1‘:'-_@4 3 |

ey
E{
w
e
Ly
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— : —I-f—A—JJ—ﬁ—ﬂ#—Q—mab—Lx—jﬁ.&Ah >

/ 2 3 ~ 5
—= 3 Y s
A= { 6——1— a3 J —
6—& ¢ —2- 3
g O 0 lo] ;,/
L) = (D) (A-2)?




_4&0,%—%' ; ﬁt&"—#&m 5
o clh  their algebritc S | S—

mulliplicalses

|
N
|
—
|

F A-2 { ]
ﬁ,,_(_ﬁ_,)_: | A—=-2 |
] | rﬁ' z
= fﬁ—493—+—2———3_@ﬂ44 )
\ /
5 =

- wirh algebric mulbpliciHes 2 and 1

respecClive [y
| b ' ¥ |.J L

- Mome Worie o

M_ﬂ%mm_w
Haeler  olgeloric mMulliplicilies — of ;

B PP R

)
o o 3/ 5 oo )

@
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— Yow e Lind HKhe Ligenvectors ?

_—Lhc—c—hmcr{‘emah ¢ —eq ueubteﬂ—l—A‘—C\—I—H—qi

i itnvolve 5—-—mL~1_4’A;nah_x_
! ~To ———f— " el—?%(—é&geﬂ#euemﬁﬁ B ———

! ~ Cor each. A -5n_l.u.:4(—;q_—_"3l-1 )_x o
oy PAx =Dk T  Fndl  an elgenveckor

B S
- _Example +— Find  ZXhe 2i9envoelues —ancd
- L = — Xlr  2igenvectors ol  Alba
—F maoteisx —
T B AR
I ) 2 4/
SR _r_;___, ﬂ 2
_ﬂ_(_ﬂ)_: I-'A_—‘QI{ =
— ~ — 2 -4
ko Find QA et Fald) 4+o Z2er0o
— 3 =
- B s N S
2 Y-19 el
v M _ 59 = > DN=0 and 5




13/

I ._-‘."‘p.._ 3.‘- 2. 2. - D
| 24y+42 =o S Z=f free wvariable
I N . y=—at
t —
— %—2 (— &Jiﬂﬂ—x—lé—ﬂ%
-2¢ |
Nnumber - — —

— :l —_R =0 = Y= £ free vortolole
2-=2¢
— — / ¢
— N X o= where 4+ is any
- " _.[_z_é_)__ e Number.,
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3~ e produtt of  Ae Rigehnvolues
- aqu.cur.s—;uﬂ_—d-dr&mnmx_.— I —

' q\h-t,__ium__a_G Thug .@"S;H valire s

ec:r-u.od_‘;—tb_l.f Summ of ,m__dj%f

eniries (trace)

L EExameple s
- —3 N
S B B _B _:4( ] lqga f) = o o nd fl = l I
© o ] _ ! 2
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—q—m_&ymualu.e.é of @ ore.:

——91___!.7_&4:1__ ﬂz ——

Q‘T Qn_l_e —4roace = o —

L 1 4 9. 1G] -« |

-]

—@_—Lh_agm values —of —Ap—md—ﬁ'

are  H2 “l wikh e Same

—— _2digenvelkors .

_ | Thia  pmeans  That

= LF A X = A MK —

|l TR A'a o QP




J'..?L.r

2. [ind Ao ¢eigenvalues and eigenvectors

Fl I — _' i
,4_.-.-_(...4—1 !
- o =

0 f these Fwwo makrices.;:

e

M. Computle KXt eigenvalices —and eigenyvectors
of A —and A~' _ Checlke Alae +race .

1 Adaf0a) g el %
W i o)

- —H-HMM—htWM&_S—OF—A—E ond B
e —ond A4+ B

1 3 o I
e )

Tlass [




— _L,_Neg-abim_mfﬁgzr.;_-and_ﬂata:_ﬁmhgﬁ—
by -1, 2, —3, ... and 0. They orose
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( Chopter 4 ) )

5 B - _(_% @Mgehm_)ﬁ

15 a resuwlk of gradiaocl  development O s

1= and _multiplicatisn . =

The Number syskem as wWe lknow L l-:chnLﬁ_

indiceled n_ _I.L.!,.._EQ_LLQ_LQ_LQB_J_IE.L_- .

| _L._Na,tu rol numbers. .:_f_.,_z_,_gﬁ_hg_._?_ M PEERTE

_also  callecd positive integers were — finst
 wsed in_ Counking . TFE a and b .
are noktural Numbers ., XLl Sum QO+ b

and  procluc # - Oxb are olse  pabturod

numbers . fFor Ao reocsop xba Sel

4 of nNakural numbers |5 Said itz be

— Closed wunder Hte oOperations ofF addikoyn

o | ) _P_cr.-.m.f.t‘. _ solutions of L'.'.? wuebions SUuchk

s x4+ b —a  whwe o and b ore

- noturod npnumbers — sSuch, _thekbt by oo..

e — —’E..u.. Meoeds B Alen .G.Pt-ra-&.xfa#:- AL

L Sublrocleocrr .

— Swbtrocliorn 2= O -b . The sSeé& of

— posjjive —and negotjve integers cancl

Zero Is Coalled +he Sef of infegers
___odnel. 45 ¢ fﬂ&d—m-sﬂé—r——M—d-P&r&Mﬁd gl — — -
— eof oddil<son. .mu.ﬂ-_-ipiic-a.!ubw—aﬂef




/3¢

3. Rational numbers . Such. as % U f )

 arose Jo permit Fo Iu.&r--'a-as—ep’:—et}ua&-#ew;--

_ _such as bx =o. — for all inlegers of
_— § ancl __b—-Mh&pa__b_# o o q—h.&:n Aeools

. }lo Hle opercltiom of civision X = d/é_
Called — The Quotient —of o and b whue
o 15 the numerakor ond b s L 7.
denominakor . The set of integers Is
. a part or Subset of Hhe rationold numbers

— Sirmce Integers  corresponcd fo rokionad numbers

alb where b=
|| The set& of rationat numbers [5 closees

— under Lhe operations of —oddition .,

_ Ssubtraclion ._;_mHJJ.;Lp_t:LC_aLrlan_a.ﬂd_deﬁg”_
S| . ) _fang_dj—oliu_i.siia.n_bj_aaﬁa_fé_é‘xfﬁumd—

Y. Trrationald pumbers : such as_ f2r = 1MIM23 .
I ancd  TT= 3.14459 .... OFe Numbers o h e
. are not rokionakf ( Coannot be expressed
 as o/lb  where a and b are —inktegers
el  and  b<Eo ) The set of  rotionao kl . )
——and jrrokioned —pumbers s called b Seb
. daf real] numbers

¥ TEE Complex number J&QJ_-:. - = =

 There 15 no read number 2 which sakislies

— Alee polynomial E’.?-ua.,&t-'o-n-- C "L (R V. 7 T

—p ermit solukbions of i Qnd S/milap

p— _@cr..ua..HansJ Hle Seb  of Cormplese  niumbers

— s introducecd - —— — —_—

lass



4We Cayrr. Carﬁrder a C‘ampiax_ﬂum_be_r—a;—m@_
Al form g 4+ b where & and b ope
real Numbers ancdh  { whickh 1S Colleoh
_-:_m_.lmo.g'x.nm\-_xtﬁ_ (ET L0 h.n.s_;ELm_praP_g.r_Lﬂ_{f':-J_,_

" TIf 72 = a4+ bi , Aban o is Called At
~reod part of Z and b is Calleel  Aluo
- | _Lma.giﬂard. part of -Z_and_a,nkclma.éad_hraﬂi
Re (2) —and Im (2) respeciively

2 _frIx‘.:_Lsgman Z  Which. Can s+and  for any.

N L of O sSet of Complex numbers s  Calleef
o Complex — Variable - -

— _T- wo _Cﬂmplcx numﬂm—a%b_;_and_m_gi*
__are ::.c)u,m.f A ~and only if a=c and b =d.

We  can Can;:dzr__ﬁea_Lﬂum_bz.r_,s_as_a_Subsdi

— gf A _sel of complex rumbers e (ke =
! ‘b=coc . Thuwa  Hle Corpplex — Nurmbers O0+04¢
e land —3wuof tepresent Hha reol] nNnumlbers o
| and -2 _r.e;pecj-_i_u.e,fﬁ — e

TIf a=z=o0, Ate Complex number Ok [
 or bj is _mff'-.ci’_.pu;:e_ _fmag;‘nm:_j_ Pumber.

The complex  Conjugale — of A Cormpplese——
- numhber O4+bi Is o _bi . Ee—————

— The- Complex cConjugalte of QA Comples
- number 2 5 Often dznah:ef_bﬂ_'z-—ar _sodll

g
Class |
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% [undamen tal Operations with. _L—

1. Addildon S = e

Complese  numbhers

;(hr-r-—bt:) 4+ Ler+ehi) = (a+c) + (brd)

2. Subltrackon B

| pae b feadi) s fBach e oo dis |

‘3. Mulkiplicokion -

Y. Division
R B !
a+bi _ oac+ bd  bc—ad
C+di C%+ o2 c?+d?

. Complex number Q+bi is delfined as.:

) Io— I Q4 b/_ ,_—,._V[{m;:l

—Hh‘sa)uﬁ_ﬁ&ie : I

1 “__Jla.e absolute Value or modulus of o

Exn.m_p!c W / L-.ff.zH/ Jzo

—I—LZ; ,—Z.g—f?rg_m_zm—aﬁne—Camjalex—numbms—,—
,H-u.— Followrng — Properiies __heoldl -

flna




I._}Z.i r 0 — }zl[z_,,! — (prove k)
B P T SR A I PR
SRR e e
B I N P N R e
DU T A Y A I P T -
T 2 R e Cpreve i)

(proue WY

- _*_Some_,ttm:*s_ct_u_dﬁim&_,ﬁa_athé« re.
~_a complex numbker as  an ordered]  poir
= 49%#}4_&‘ —_real numbers dand b  subjyect lo

. Certaun eperotion _E?w_'ota.ﬁﬂun—-ﬁh{—ﬁmp{cx
 pumber. These cdefinilrons are as {follows.:

= _.Equabi#_ (b)) =(C,d) —1F and on i_tj L
= = = - a=Cc , b=29d
2. Sum (b)) (Gd) = (a+C, brd )

o —Pmd«uc# (a/b).(cyd) = (ac-bd, ad+bec)

- (Q,b)_._‘[ma,—mb) —— =

. ._Mk_c::ln_..ﬂ’zaw ,Z.A.ax'_(o.f!a)_. —allo) 4 bloj1)
where — o+bi /5 Qa Complex prumbeyr  amc

) f—/.s Al symbo)  for (0,1) —and —har

(3§ Im
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el fhe Fraper{j_-.éhat i< (o, 1) lagt) = filio)

(0,0) (orresponds Ze le real number O .

We can _prove M_‘L,LZ’_,_ZZ_,_Zj_he_Zapj_
2o Al Seb S of Complex numbers .

e — E— |
i |- Z.l + Z'z an.o’—ZIL-lz—Bclong—Pa—L—
Closure. Law

2 _Zf + _Z‘I_'_ 2--2_—.; Z‘J
 Comionbabiie Jai oL additiel
8 R (ZprBs) = (2 4+ B)r 23
-_._._I _;__-wl.xf_fam_ﬂ,c a.cl_d.ipbn === _—

L Commutative law of mulliplicatior,

5. RAZ 2 o (2 BYuBy 0000

Associative |aw of mulliplication
6 2 (2, 23) = 2 2.2 2y o

— Distribukive law

{'i;:r.



f?(

-Z A - . o —_—0 g —2 —=— Z_-f

0 is Called m_ﬁdm#Ly_ouAa_cespecé__ o

 to oddikion

b

= —Z,)_, ._j,._=__1_._z,]__ - Z— | e —
- 4 @ 1 J_s_ca..I.Led_uu_idm#L_df—m}b_m,wQ—

o mull<plicotion
<} _g_.—[:cr an 3—Camp/¢.z—K1LLMr—3,—MLd—:—H|'
O um_?.u,c_mmbehz—ul—-ﬁ—.iu-ch-—l—
- _—.duti -
N (I ;—E-; =&
- Z is calledd A Iinverse of 2 with
— respect 4o oaddilionn and is olknoked
l"!l.j = Z'j

9 ]:or—Qny—Z—?_Le—ﬂuveFlé—a—u %.

—tmmhar_,_L,ﬁ_;s_.ﬁucﬁ_Mf ;

— 22 =2 Z =]

Z is Called thw inyerse —of Z  ikh
—respect Fo  mull<iplicabion and —Is
Symee FEE— .dtnaieaLby_Z;' or | JZ

b




* ..G-mph?..r:::.\_ " Represenkakion o0 =

— Comeples NV \aevr 58

__Sinte o Cowmplex nNumber  2e A Coan

_ be ctovsidared  as  on  ordarec Podr ol

_yeo)l vnumbers . uie Can Yepresent sSuclh

Duwmoers _h\.&_ Points. _\n Dm_\.& 24 Rlan <
~ Coled XA  Complese plone .

— The _cam-plc %X number

represented P For .l PGw)
—exampie Cc:u.lcl J:L\.:.u_ be L 1 .
—_vead ejither (3,u) Lz
By . T o each Cﬁ.htplti. S ENS— A
—humbey Tliere Covresponds ) S x
. _owne anc .anLa.__nne.._Panﬂ\ e |
i ke plane and e L. 1l
—opposite musk e true -3 -
~olso.  Recoamuse of thua
wWe often refer Jo the I e E—

-~ Complexx number Z as

e point 2.

_}:Ler_E_LuL_th-rr s Aha 2z and 3 axes,
oL Ahae  read and—mena—ﬂx.ﬁ_rE&pcchu.ely_ =

—ond — fa  the Complex plane aas Abhs -Z_Ploxw-—_

- ——Hu—ohd,l-anc e _bji‘ui eam——-aéum points. Zr-,.: 2t iy,
ond —Z, = 2, + (Y, 1N Hhe Complex plane
| 4s —9—:#&n__bj._ —= —

{22, |- {%; -xr)——r-{bf;—:i 2) —




% Polar Form ofF (omplex Numbers . |

TF ,::z _:.s_a__an+ in_Ahe Complesx plane

~ Corresponcking te Hla Complex number
(,9) or (piyY) Hhem we Carn Wwrite:

- X = Fr(osSe 17 R
Y = ¥rsine fmraq—
e <
il _Lllb_ﬂfﬂ_ N o .E_*,_ul / 3
o T _Ae a
 — :'._‘I_;‘ i 'H} x

is called tue —mocdurlus  Value OF F=o2¢+ r(\f— =
" _denoted b J.._ —modZ or [Z] —and 6 s Called

— _m_argummf api__z_,_@_denmd%

- ——LJ-—Faﬂaw.s ,.-Uz.a.i'— Z= ac4ly

> — = Fr( COS@ 4+ 1t S/n6)
Which is Called e polar form — of  Ahe

e Complex npumber —and ¥, & are Calleel polar

—Coordinakes

¥ De Moivre Theorer

| L Z. = 5&! + a"-'-_-y— —-:-—1’-"—(—{:0-5-8—1--—5—.55:1-5- )

S ._ﬂnd_z T _x,_+:_y 2 = Fr2( Cosg, + i5in6) »

- We Can shoe) that : —

Z, Z, =k.r, ( cos (a,+91) i -sm(éphslﬁ)—

flt:i



SSELD) / b 4 >

- —--—Glnd—-‘gi-— i {-‘--(‘ {?ﬂ&—(@ra—as)—--f-—f—;ﬁﬂ—ﬁ&,_-ﬂz J)
: — —

*In—gemqf— B

- S A S R B S

—-I"' .‘; ..5..,;’? (’Q_r_.*a e LTI Qﬂﬁy_ —

g n

d AL—Z;_L._LCO.S_Q@__F ra j:‘n_.me}

Whick is often called De Moivre’s theorem .
. prove . ()ome \Jork)

_—Ea:om_fha_l-_’tcmafs_ _theporem  we cCan show
e aat [ f N (s o posiliue [nteger.

‘,'2'”'1 = {_t‘_f_.msaﬁ,-_(__aaa}?
L — o -
= fn.' (5 cos [f e-’:gﬂ-} iR} (9-:121:??} J‘
le. = O | 2 n-—|
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A 935

~ From which 1t follows thakt  there are
N JifFerend values for Fz W s n
L .d&tﬁﬁ.&uﬂ}_ﬂ#‘—m(;s—a—r—a—r—m—waf—éﬁ#a .

Euler’s Formula
B:'j M&um;nﬁ_,tha.l_m J%M——-ﬁ&#{—&ﬁi
— - SXpDONSiorr & -.ﬂ-f'-f-—ﬂé_-f_.'za . 5"‘3 eeias of

- h-elcmmi-_urj_CaLMu,s_baId.s_ .:..Jhm _a:..-.-.-—rlE—— —
e Can QArrive af Albe resudt : . ==
e P
_— e = (058 4 | -SIinNg

Which s Called Euler’s formula .

— In—QMpaJ—Lua—th.éLﬂﬂ

| i {De_ﬁfaJ_pre_j_tharm_ _Lan_bHad-au.—ed
S| S— - i T




L ! _I_F__ = AN S b s _a Comp lese Aumler
—then we can —wrlte Lk in A polar Form
(onsidering that Alu phasre angle con falee

..—manj_Va.Lu.e;s ob follows : -
B e EIY
. = e M=o, Fl T2,

S PP WAL sl

== ~ _And  Lrom_ M_EL[_WQJ:LQM—ME—mn- See Ahaolk
Az  has meore Ahan one value depernding
on e Valur ©OF m . Thirn , of (ourse disagree
Wik ;C&A_dg_ﬂ;nman_g_@_pmch'g_ﬂ Wwhich sSkalis
. that Wk should _be_uniﬁp_uc_zaluu/__ — -

| Memce ,  dinZ2 o dor + (o -
. And & s called +4he main branch of @ the

_la gar.]_%hm == —

_Example :  [ind Al Aogarithm — of  ba
—— . _complex number Z - _ 55|
U 2 = 2t .3'1‘ - W 0 5 e B
 rcese =-5__ . I
. v sSinB =_5 ——Cos o (s negative - — %

e dane = | S/nE& s negative:
| F—— __4an _g_i‘..s__pa.s}...{-e.'ue. =4 | |
NGVl R . f.‘;.ﬂ- - - S

Ly




L Jﬁw_&_:_Jm_M —4 !’- in— !

X Complex powers of reol and Complex numbers.

— ~2 |
_ _lhe  nNnumbker J'Ei_ _Ccan  be delinee an .

Z.Za s fz . J-mi,

[ ¢ A2
z - 2 = £
6
Re call o Lovnaula € = C0SO 4 ( SN

- B - g

— Exomple :  Evaluale —the number~ —(

. 21 _2.1—_,6?1 { —
—— = & —— -

- : ((ZE+2mm) -

= 4 { = & S

—_— -5—(— ;T —.|E:.I-"!"|I1,L — S




=_—— . _2?'___:2,.f: ,(..{' ;‘ET #lﬁ-m-i—:}
— e { = £
-m-Tvy-—————————————
_ A e = - -+
— s
ol 21 = IT —5T 377 - 97T ir & ¢ 2
I s L = e i a3 7—€ ——&——

e A it _main  broanch  Value

Node ;t&mt_aﬂ_q&hf_ua.Me_s_oLr_ara_r&l_

| _E.xampxﬁ_éivmm__m__mm

— e —f N

(Z (2 _n 20 t {u/gw—.fﬁ—*ﬂ—r—.ﬁw!ﬁ}

=—£——£Cb5—wm ° 4‘&(“3"“”‘0‘)‘;
=- ﬂdﬂ4—f—[—ﬂ+3—f—+—f—¢4§’_r )

- = o cof -+ (0.0aS58S

S
I
0
I
|

AN

— o |
———Home Warle : —
e Vibradional Mokion g |
——2—pPFoblems |, 2 . 3 , 4 . § .6, F £, )2
13, 1y -

.
(Class
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. Funecvions of Cc-mP.lﬁﬂ—\/ﬂﬂ-ab le

AW e elewnenkory—  Guncidions o0 teal
- vorialkles Moy be extended info _ala Complex

— plane by reploct .qa—m_tm-l_l.mrmla_le_a:_bﬂ__
. Ala complex Variable Z . .

- Ca.uc..ha — Riemonn Conditens =

—— The derivakive of  fF(2) , Juke Aok
of o reol funckion is  defived by . B

. Lzia _f(."‘-_.-l-_S_E)—- Fcay ®
§2 9o  [2+9B2) — 32
— S CPAR /1 STR-Y S /2 S
. Sz-20 s2 42

| For rea{ variables we require Aot
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